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Abstract
Due to our lack in higher dimensional imagination, it is difﬁcult to ﬁnd explicit strategies for higher dimensional animal achieve-
ment games. Here, we give two methods to build up strategies step by step for increasing dimension. As applications we obtain
improved bounds for the winning dimensions of certain polyominoes and new bounds for hypercube Tic-Tac-Toe with and without
diagonals.
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1. Introduction
In a strong animal (or polyomino) achievement game, two players (black and white) alternately mark cells on an
inﬁnite k-dimensional board (Zk). The player who marks a set of cells congruent to a given polyomino (an “animal”)
wins the game. Following the convention of the game of go, we suppose that black begins the game. Clearly, the best
white can achieve is a draw, and we therefore introduce the achievement game in which white wins if she can prevent
black from reaching the desired constellation. On a ﬁnite board this yields a well-deﬁned game; we say that white wins
on an inﬁnite board, if she wins on any ﬁnite sub-board; equivalently white wins if she can avoid losing for arbitrary
long time.
In this article we ﬁrst describe a method to produce winning strategies for black in higher dimensions. The basic idea
is to play in such a way that, at a certain stage, there exists some subspace on which black has obtained some useful
conﬁguration but white has not played at all. Afterwards black restricts the game to this sub-board. This reduction is
useful, since it is quite hard to describe, let alone ﬁnd more sophisticated strategies in more than three dimensions;
by breaking the problem down into two parts of lower dimension, our lack of higher dimensional intuition can be
circumvented. Note that this strategy does not work for strong achievement games, since here white may build up
threats outside the sub-board chosen by black.
Next, we generalise the most common way for producing winning strategies for white. In a paving strategy, all cells
are grouped into pairs, such that whenever black takes one of a pair, white takes the other one. Here, we cut the board
into small sub-boards, such that white always plays in the same sub-board as black and prevents certain small parts
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of a possible winning constellation in each part. We give applications to versions of Tic-Tac-Toe and bounds for the
winning dimension of several boxes in a line.
2. Trading dimensions for handicaps
We say that an animal is a k-dimensional winner, if black wins the achievement game on a k-dimensional board.
This notion was introduced by Sieben [7], who showed that for each animal P there exists some k, such that P is a
k-dimensional winner. In particular, he showed that the animal commonly called Snaky ( ), which is the only
animal for which it is still unknown whether black wins in 2 dimensions, is a 41-dimensional winner.
The concept of achievement games has been relaxed to allow for handicaps for black (confer [5,6]). We say that an
animal has handicap number n in dimension k, if black wins the achievement game in k dimensions if he is allowed
to mark n cells in advance, and n is minimal with this property. Here we need a reﬁnement version of this deﬁnition:
For two polyominoes P,Q, we say that P is a k-dimensional winner with handicap Q, if black wins the game on a
k-dimensional board, on which cells forming the polyomino Q are marked black before starting the game.
If for a polyomino P, we know that P is a k-dimensional winner with handicap Q for some small polyomino Q, then
one would like to know whether, starting on an empty k′-dimensional board (k′ >k), black can reach a k-dimensional
sub-board without white marks which contains a black polyomino congruent to Q and it is black’s turn. This would
yield a winning strategy for P on a k′-dimensional board.
To formalise this argument, we introduce the following notation. For a polyomino P denote by P k the situation(s)
where it is black’s turn and the board has dimension k and contains black stones congruent to P and no white stones
at all (but possibly some more black stones). P ◦ denotes the situation(s) where it is white’s turn and the board (the
dimension of which does not matter) contains a black polyomino congruent to P and maybe other black or white stones.
(The “◦” indicates a little white stone.) For two situations S and S′, we write “S → S′” for the game that starts in
any situation S (white’s choice) and where black tries to achieve any situation S′ (possibly only on a sub-board, if the
dimension of S′ is smaller than the one of S). We call such a game a winner if black wins.
We say that Q has winning codimension , if ∅k+ → Qk is a winner for every k dim Q and there is no ′ <
with this property. (That is, black can get a handicap Q for the price of a reduction of the dimension by .)
The following trivial observation allows us to use winning codimensions to produce strategies for the ordinary game.
Proposition 1. Let S, S′ and S′′ be three situations. If S → S′ and S′ → S′′ both are winner, then so is S → S′′. In
particular, if P and Q are polyominoes such that P is a k-dimensional winner with handicap Q, and Q has winning
codimension , then P is a k + -dimensional winner.
We are interested in the minimum dimension of a board on which a certain game can be won. Therefore, we introduce
another notation. We write “Smin→ S′” for the statement: The dimension of the board of S is the minimal one for which
the game S → S′ is a winner.
The following simple lemma will be surprisingly useful.
Lemma 2. Suppose the board Zn contains  (white) stones, none of which lies in a given subspace B of dimension
n − kn − . Then there is a subspace B ′ ⊂ Zn of dimension k −  containing B but none of the stones.
Proof. If k = , there is nothing to prove. Otherwise, it is enough to check that there is a sub-board of codimension
k − 1 free of stones and containing B.
So assume k > . W.l.o.g. B =Zn−k ×{(0, . . . , 0)}. Consider the k different sub-boards Bi =Zn−k ×{(x1, . . . , xk) ∈
Zk|xk = 0 for all k = i}. Each of them has codimension k − 1, contains B, and the intersection of any two of them is
exactly B. As there are no stones in B and there are less white stones than sub-boardsBi , at least one of these sub-boards
is free of white stones. 
Now we deal with some simple polyominoes.
Proposition 3. (1) ∅k+1min→ k for k1. In particular, the winning codimension of a single cell  is equal to 1.
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(2) ∅k+2min→ P k for k1, where P are two cells on a line, not necessarily adjacent. In particular, the winning
codimension of P is equal to 2.
(3) For P = (k cells in a row), ∅n → Pn−k+1 is a loser. In particular, the winning codimension of P is at
least k.
Proof. The ﬁrst statement is obvious, and for the second it sufﬁces to consider the case of two adjacent cells, since if
P consists of two cells with distant d, we partition the board into sub-boards modulo d.
(2) We prove that ∅k → is a winner for any k3. The other half of the statement (that is, ∅k → is a
loser) follows from (3).
We label themoves of the two players by , , etc. The following diagrams shows the course of the game. (Multiple
white stones mean that white may play on any of these.) Detailed explanation follows.
Black starts playing at (0, . . . , 0). By symmetry, we may suppose that white answers at (x1, . . . , xk), where
xi0 for 1 ik. As k3, we may additionally suppose that is neither on the line (x, 0, . . . , 0) nor on the line
(0, x, 0, . . . , 0). Next, black plays at (0, 1, 0, . . . , 0).
If the next move of white is not a cell (0, x, 0, . . . , 0), black already won by Lemma 2: there exists a sub-board of
codimension 2 containing the line (0, x, 0, . . . , 0) and none of and . Next, black plays at (1, 1, 0, . . . , 0).
If white does not play in the line (x, 1, 0, . . . , 0), the sub-board {(x1, 1, x2, . . . , xk)} contains at most one white
stone ( ), and this stone is not on the line. Applying Lemma 2 to this sub-board shows that black has won. Hence, we
may suppose that white plays in (x, 1, 0, . . . , 0). Finally, black plays in (1, 0 . . . , 0), and by the same argument,
white has to answer with on the line (1, x, 0, . . . , 0). But then the sub-board {x1, 0, x3, . . . , xk)} contains the two
adjacent black stones and , while white has at most one stone ( ) in this sub-board, and this stone is not on the
same line as and . This implies that black has won the game.
(3) We give a strategy for white to prevent black from winning . Whenever black plays
(x1, . . . , xn), white plays (y1, . . . , yn) where yi = xi for all i except one: If ik and i ≡ x1 + · · · + xn mod k,
then yi is arbitrary (such that the corresponding cell is free, of course).
Assume black achieves a set of k consecutive stones in a row. Then for every ik, white has played in the ith
direction of one of those k stones. Therefore, subspaces containing the k stones and no white stone cannot extend in
the ﬁrst k directions and so have dimension at most n − k. 
Harary, et al. [5] showed that in two dimensions Snaky ( ) has handicap number at most 2. In fact, black has
a winning strategy provided that before the game two adjacent cells are marked black, and we obtain the following.
Corollary 4. Snaky is a four-dimensional winner.
Note that Snaky is even a three-dimensional winner as shown in [4]; however, the strategy given there is more
complicated and only works for this special animal, whereas the proof given here generalises to all animals for which
there exists a winning strategy with a handicap of two adjacent cells.
The main result of this section is the following.
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Theorem 5. Every polyomino has a ﬁnite winning codimension, i.e. for each polyomino P there is an  such that
∅k+ → P k is a winner for any k dim P .
In view of Lemma 2, to prove Theorem 5 it sufﬁces to show the following special case.
Proposition 6. For each polyomino P of dimension d =dim P , there is a k such that ∅k → Pd is a winner. Moreover,
there is a constant t such that black can win the game ∅k → Pd after at most t turns.
The proof of this proposition is similar to the Sieben’s proof [7] that every polyomino has a ﬁnite winning dimension.
However, we ﬁrst have to generalise Beck’s theorem [2] for hypergraph games, as we will do in the next section. The
proof of Proposition 6 will then be done in Section 2.2.
2.1. Generalised hypergraph games
Let G := (V ,E) be a ﬁnite hypergraph and let V = N ·∪B be a partition of the vertices in a set N of “ordinary
vertices” and a set B of “break vertices”.
Black and white put alternately a stone on a previously empty vertex of the hypergraph. Black is only allowed to
play on ordinary vertices; white may play on any vertex. Black wins, if he manages to play on all ordinary vertices of
an edge and no break vertex of that edge contains a white stone. Otherwise, white wins.
Let
n2 := max
v1,v2∈N,v1 =v2
#{e ∈ E|v1, v2 ∈ e}
be the maximum number of edges two ordinary vertices have in common, and let
b1 := max
v∈B #{e ∈ E|v ∈ e}
be the maximum number of edges containing a certain break vertex.
Theorem 7. In the generalised hypergraph game, black has a winning strategy provided the following estimate holds
true:
∑
e∈E
2−|e∩N | >max
{
1
8
n2,
1
2
b1
}
· |N | (1)
Proof. By induction on the number of ordinary vertices |N |.
If |N | = 0 and the inequality holds, there has to exist an edge without ordinary vertices and black has already won.
Now suppose that |N |> 0. Note that, after some stones have been played, the remainder of the game is equivalent to
the hypergraph game obtained in the following way: Remove all edges which contain white stones, and then remove
all vertices with stones (black or white). Hence, for the induction it sufﬁces to give a strategy for the ﬁrst move of black
such that after every possible move of white, the estimate (1) still holds for the new game.
To give a strategy for black, we assign values to vertices and to games in the same way as in the ordinary case: Deﬁne
the value of a vertex v ∈ V in the game G as
G(v) =
∑
e∈E such that v∈e
2−|e∩N |
and the value of the entire game G as
(G) =
∑
e∈E
2−|e∩N |.
Note that (G) is precisely the left hand side of (1).
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We claim that a winning strategy for black is to play a normal vertex vbl with maximal value. In fact, let vwh be the
vertex chosen by white, G′ (and V ′, E′, N ′, B ′) be the game after the move of black, and G′′ (and V ′′, E′′, N ′′, B ′′) the
game after the move of white. We compute the value of the game G′′. Note that E = E′, since in the move of black,
no edges are removed, and that for each edge e ∈ E′′, e ∩ N ′ = e ∩ N ′′, since in the move of white, vertices which are
present in the remaining game are not removed either. Hence, we obtain
(G′) − (G) =
∑
e∈E′
2−|e∩N ′| −
∑
e∈E
2−|e∩N |
=
∑
e∈E,vbl∈e
(2−(|e∩N |−1) − 2−|e∩N |)
=
∑
e∈E,vbl∈e
2−|e∩N | = G(vbl),
(G′) − (G′′) =
∑
e∈E′
2−|e∩N ′| −
∑
e∈E′′
2−|e∩N ′|
=
∑
e∈E′,vwh∈e
2−|e∩N ′| = G′(vwh).
Thus, the left hand side of (1) decreases by (G) − (G′′) = G′(vwh) − G(vbl). To estimate this difference, we
distinguish two cases, depending on whether vwh is a normal or a break vertex.
First case: vwh is a normal vertex. By the strategy of black, we know that G(vbl)G(vwh), that is, an upper bound
for (G) − (G′′) is given by G′(vwh) − G(vwh).
We can assume that for any e ∈ E with vbl ∈ e, we have |e∩N |2; for otherwise, the move of black would already
have been a winning move.
G′(vwh) − G(vwh) =
∑
e∈E′,vwh∈e
2−|e∩N ′| −
∑
e∈E,vwh∈e
2−|e∩N |
=
∑
e∈E,vwh,vbl∈e
(2−(|e∩N |−1) − 2−|e∩N |)
 14#{e ∈ E|vwh, vbl ∈ e} 14n2.
On the other hand, passing from G to G′′, the number of normal vertices decreases by 2, hence, the right hand side of
(1) decreases by 14n2 at least.
Second case: vwh is a break vertex. We can assume that for any edge e ∈ E′, we have |e ∩ N ′|1; otherwise, black
would already have won before this move of white.
(G) − (G′′)G′(vwh) =
∑
e∈E′,vwh∈e
2−|e∩N ′|
 12#{e ∈ E|vwh ∈ e} = 12b1
On the other hand, the number of normal vertices decreases by one from G to G′′, so the right hand side of (1) decreases
by at least 12b1. 
2.2. Proof of proposition 6
Proposition 6 now follows directly from Theorem 7: Suppose P is a polyomino of dimension d = dim P . We are
looking for a k such that ∅k → Pd is a winner.
Without loss we may assume that P is a hypercube [1, n]d , since each polyomino is a subset of such a hypercube for
some n and d.
We claim that black can restrict himself to play only in the hypercube [1, n]k . Using this restriction we can turn the
game ∅k → Pd into a hypergraph game in the sense of Theorem 7: The normal vertices N are cells of [1, n]k , the break
vertices B are the other cells, and the edges E are the d-dimensional subspaces passing through the hypercube [1, n]k .
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We use Theorem 7 to check for which n, d and k this game can be won by black. We compute the different quantities
occurring in (1):
• A d-dimensional subspace passing through [1, n]k is given by a set of d directions (out of the k possible ones), and
for each of the other directions, a coordinate in [1, n]. Hence we have |E| =
(
k
d
)
· nk−d .
• b1 is the maximum number of d-dimensional subspaces passing through the hypercube and containing one ﬁxed
vertex outside of the hypercube. The vertex ﬁxes all coordinates and at least one direction of the subspaces, thus,
we have b1 =
(
k−1
d−1
)
.
• n2 is the maximum number of d-dimensional subspaces containing two ﬁxed vertices inside the hypercube. These
vertices together again ﬁx all coordinates and at least one direction, we therefore obtain n2 =
(
k−1
d−1
)
.
• The number of normal vertices is |N | = nk .
• For any e ∈ E, we have |e ∩ N | = nd .
Plugging these values into (1) yields that black wins the game ∅k → Pd , provided that
(
k
d
)
· nk−d · 2−nd >max
{
1
8
(
k − 1
d − 1
)
,
1
2
(
k − 1
d − 1
)}
· nk = 1
2
(
k − 1
d − 1
)
nk ,
and a short calculation yields Proposition 6.
3. Generalised paving strategies
The easiest way of deﬁning a winning strategy for white is done by pavings, that is, cells are paired in such a way
that whenever black takes one cell of a pair, white takes the other one. Of course, by ﬁxing the paving, white is greatly
restricted, and in many instances white can win, while no paving strategy exists. As an example, consider three in a row
without diagonals. It is easy to see that white wins. However, since there are six winning directions, a paving strategy
would have to involve 12 different cells, but there are only nine available. This might appear as a singular instance;
however, we will now show how to use the latter result to deal with more complicated problems.
We deﬁne a generalised paving of a board to be a decomposition of the board into sub-boards. A generalised paving
strategy is a strategy for white with the property that whenever black plays in one sub-board, white immediately plays
in the same sub-board, and the move only depends on the situation on this speciﬁc sub-board. Of course, the trivial
decomposition shows that formally every strategy is a generalised paving strategy. However, this notion is useful if the
sub-boards are so small that one can give certain strategies manually.
As examples, we consider the following two games: Given integers n and d, nd -Tic-Tac-Toe is played on a d-
dimensional cube with side length n, and black wins if he manages to place n stones in a line, whereas in nd -Tic-Tac-Toe
without diagonals, black wins if he achieves n stones in a line parallel to the edges of the cube. More generally, we can
play Tic-Tac-Toe without diagonals on a board of size n1 × n2 × · · · × nd , where black wins if he achieves a line of
the board parallel to the axes containing only black stones.
For large dimensions, the strongest known results are obtained by Beck’s method; he proved that white wins nd -Tic-
Tac-Toe for n< c1d2/ log d , and black wins the game for n> c2n2, here, c1, c2 are positive constants. The best known
bounds for nd -Tic-Tac-Toe without diagonals are only superior to these by a constant. For general animals in Zd only
quite weak bounds are known. Deabay and Sieben [8] showed that in Zd every animal with f (d) cells is a loser, where
f (d) is a certain function satisfying f (d)  5d , and Sieben [7] showed that the winning dimension for an animal with
n is less than 2nn .
For an overview of the present state of results and conjectures, confer [3, Table 1]; the simplest unknown case being
73, which will be solved in the following.
Theorem 8. (1) White wins 32- and 53-Tic-Tac-Toe without diagonals.
(2) On a 6 × 6 × 3-board, or on a 10 × 10 × 5 × 5-board, white wins Tic-Tac-Toe without diagonals.
(3) White wins 73-Tic-Tac-Toe.
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(4) Suppose that white wins nd -Tic-Tac-Toe without diagonals, and let k1 be an integer. Then the polyomino
consisting of (k+1)n−1 boxes in a line loses in kd dimensions, and black loses (kn)kd -Tic-Tac-Toe without diagonals.
In particular, (eight boxes in a line) loses in four dimensions, and the winning dimension of is
bounded below by (2n − 4)/3.
Note that with the exception of certain small values in the last assertion, none of these results can be proven by an
ordinary pairing strategy. This can be seen by the fact that in order for an ordinary pairing strategy to exist, the number
of cells has to be at least twice the number of lines to be blocked, since any two lines have at most one element in
common. For example, for 73-Tic-Tac-Toe, there are 343 cells, but 193 lines.
We shall not give the proofs of the ﬁrst two statements, which are similar to the proof of the third one, yet easier.
Proof. (3) We shall denote a 3×3×1-sub-board on which white plays in such a way as to prevent black from reaching
three cells in a row as ﬂagstone. We describe a paving of the 73-cube using ﬂagstones and some ordinary pairings.
First, look at the following paving of a 7× 7× 3-board. The lines in the diagram indicate a ﬂagstones seen from one
of its small sides. Each group of three equal letters describes a ﬂagstone seen from a small side as well, however, with
columns teared apart.
These stones ensure that black does not get a line in x- or y-direction in this layer. After permuting the x-coordinates,
this assertion remains true, and we can do this in such a way that the 1 × 1 × 3 blocks which are not yet used are
arranged in the way displayed in the diagram following to the left. (The dotted ﬁelds are those already ﬁlled.) The right
diagram shows how we diagonally insert two more ﬂagstones which serve to ensure that black cannot get any diagonal
in the x–y-plane in our block.
Now we put one normal pairing (7, 7, 1), (7, 7, 2) in the remaining space. In this way, the block also prevents black
from getting any column (row in z-direction). We use this block in the middle of the 73-cube, that is, for the area
[1, 7] × [1, 7] × [3, 5].
What we have to block using the remaining space is the following: any line living in a x–y-plane outside of the block,
all diagonals in the x–z-plane and in the y–z-plane, and all spatial diagonals.
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Here is a sub-paving which we will be using. On this 5 × 5-board, black cannot get any row, column, or diagonal.
(Connected cells and cells with the same letter are paired.)
And here are the four remaining planes of our 73-cube. Pairs of same letters (and with same index) denote a pairing;
triples of lines denoted by the same letter denote a ﬂagstone. The two central dotted areas are paved by the 5×5-pairing
just described.
The four spatial diagonals are blocked by the pairs ai .
The diagonals in the outer four y–z-planes are blocked by the pairs bi and the ones in the inner three y–z-planes by
the ﬂagstones e1 and e2. The diagonals in the x–z-planes are blocked by the pairs ci and by the ﬂagstones f1 and f2.
In the planes at z = 1 and z = 7, the 5 × 5-area blocks everything except the outer rows which are blocked by the
ﬂagstones ei and fi . In the planes at z = 2 and z = 6, the rows and columns are blocked by the ﬂagstones ei , fi , and gi ,
and the diagonals are blocked by the pairs di .
(4) We cover Zkd with cubes C of size nkd . Without loss we may suppose that a certain corner of the cube has all
coordinates divisible by n, and we introduce labels for the cubes by dividing the coordinates of this corner by n. Next,
we partition the unit vectors of Zkd into sets B1, . . . , Bk of size d, and ﬁll each cube with parallel sub-boards of size
nd × 1(k−1)d , such that the d unit vectors contained in a sub-board form one of the sets Bj , namely the one with j such
that the label (x1, . . . , xkd) of the cube satisﬁes
∑
xi
≡ j (k). On each sub-board white plays according to the winning
strategy of nd -Tic-Tac-Toe.
Now suppose black could obtain (k + 1)n − 1 boxes in a line. Then among these cells there would be kn boxes in
a line beginning and ending at boundaries of cubes C. These k cubes would have labels which coincide in all but one
coordinate, and this coordinate would cover a system of residues modulo k, thus, within one of these cubes the n boxes
of our line would be contained in one of the sub-boards. However, by assumption, white prevents black from reaching
such a situation.
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Similarly, a (kn)kd -cube can be cut into kkd cubes of size nkd , and each of these can be ﬁlled with nd × 1(k−1)d -
sub-boards in the same way as before. Again, any line consisting of kn cells contains n cells in one of the sub-boards,
which white can prevent.
The bounds for the winning dimension of n boxes in a row now follow from the fact that white wins 32-Tic-Tac-Toe
without diagonals. 
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